We show that the average intensity spectrum for an object illuminated and viewed through the same random screen contains diffraction-limited information on the Fourier modulus of the object amplitude. For physical clarity, the theory is first presented for a two-pinhole, Michelson aperture and then extended to include the nonredundant and full-aperture cases. Theoretical predictions are confirmed by detailed computer simulations. We propose and implement a method for the recovery of the Fourier modulus of the object.
INTRODUCTION
Double-passage propagation and imaging through atmospheric turbulence has been investigated by a number of authors.'- 2 By considering the special case of a deterministic object situated in the far field and a random screen described by complex Gaussian statistics, one can show 13 that diffraction-limited information is present in the timeaveraged image when the object is illuminated and viewed through the same screen. This occurs because a fraction of the light forming the image always interferes constructively, irrespective of the severity of the phase and amplitude fluctuations induced by the screen. Physically, this effect is closely related to the backscatter enhancement of light scattered by dense random media and rough surfaces,14"1 5 the critical feature being the constructive interference in the backscatter direction that can result from multiple scattering. This paper is divided into five sections. In this section we introduce the basic equations describing double-passage imaging. In Section 2 the existence of diffraction-limited information in the long-exposure, double-passage image is derived by considering the simple case of imaging a point source through a two-pinhole (Michelson) aperture. A simple physical interpretation of the effect is given. In Section 3 we develop the theory in order to consider the more practical cases of double-passage imaging through nonredundant and full apertures. In particular, we derive an expression for the transfer function for double-passage imaging through the nonredundant aperture and show that the diffractionlimited information can be easily retrieved. In Section 4 results of computer simulations are presented, confirming the theoretical predictions of Section 3, and the procedure for the retrieval of object frequencies is successfully implemented for a simple object. In Section 4 a brief discussion of the results is given.
We consider two distinct types of random screen in the analyses that follow. A screen whose complex amplitude transmittance is described by circular, complex Gaussian statistics in which there are random fluctuations in both the modulus and the phase of the field is referred to as a complex Gaussian screen. The complex Gaussian model is used to facilitate theoretical analysis and, on the basis of our physical interpretation, is not crucial to the principle of the method. A second type of screen is also considered in which only perturbations in the phase are produced: This is referred to as a pure phase screen. Whenever the distinction is unimportant we simply refer to a random screen. For brevity, we use one-dimensional notation throughout, although the results obtained are equally valid in two dimensions and the computer simulations are carried out for the two-dimensional case. In Fig. 1 we depict a deterministic object in the far field of a random screen that is situated in the pupil plane of the illumination-and-viewing system. A uniform beam of monochromatic laser light of unit amplitude is transmitted through the combined system of lens and random screen.
The complex amplitude at the pupil plane is thus (1) where h 0 (t) is the amplitude transmission function of the lens, a(t) is the complex amplitude across the random screen, and t represents a distance in the pupil plane; ho(t) may include any optical aberrations. The complex amplitude in the far field is given by
where R is the distance to the object from the pupil plane and X is the wavelength of the laser light. Unimportant constants have been ignored. If the object has a complex amplitude reflectivity o(x), then the backscattered amplitude at the pupil plane is
where, for generality, we have written uo(R) ( 4 ) [=a(R)(Q)ho(Q)] to permit the possibility that the reverse passage may occur through either the same or a different random screen a(R)(t 
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where the spatial-frequency coordinate iq is expressed as a distance in the pupil plane.
Equations (1)- (4) provide a general mathematical description of the imaging system, and subsequent derivations are based on them.
MICHELSON-APERTURE IMAGING
The existence of diffraction-limited information in a timeaveraged, double-passage image is most easily demonstrated by considering the imaging of a point object by an aberration-free lens masked by a two-pinhole aperture. We therefore represent the amplitude transmission at the pupil by
where 40 and -to are the positions of the pinholes in the pupil plane. We choose the simple object o(x):
To calculate the time-averaged image, we proceed by substituting Eq. (5) 
where kQ) = la(QO)l2 + la(-to)12 + a(QO)a*(-40) + a(-O)a*(Qo). (8) the turbulent atmosphere We time average Eq. (7), using the complex Gaussian moment theorem to evaluate the fourth-order moments. We obtain an expression for the long-exposure image spectrum:
where the coherence function for a stationary process is defined as
The coherence function describing the Earth's atmosphere is characterized by Fried's parameter ro, which is a measure of the distance over which the complex amplitude is correlated. Typical values range from 2 to 20 cm, depending on the prevailing conditions. For a pure phase process obeying the Kolmogorov power-spectrum relationship (11) WAu) = 0.023
the normalized atmospheric coherence function may be written 16 as
This equation can be shown to be a reasonable approximation for processes that involve fluctuations in both the modulus and the phase of the complex amplitude. 1 7 If we consider a Michelson aperture, the separation of whose pinholes (=26o) exceeds ro, we conclude from Eq. (12) that C(2t 0 ) is not significantly different from zero. Under these conditions, we can see from Eq. (9) that the relative magnitudes of the image frequencies at 2 to and -2to to the zeroth frequency are in the ratio of 1 to 6. We therefore see that, even when the field at the two pinholes is totally uncorrelated, there is a quite definite, nonzero transmission of the spatial frequency defined by the pinhole separation. A simple physical interpretation of this is given in Fig Equation (7) represents the short-exposure image spectrum.
We now consider the effect of time averaging under three distinct sets of conditions:
(1) We consider the statistics of the complex amplitude a() to be described by a complex Gaussian process and assume that both forward and reverse passages of the light occur through the same screen. This process is doublepassage imaging, and we can thus set a(R)(Q) = a).
(2) We again assume complex Gaussian statistics, but the reverse passage occurs through a statistically independent complex Gaussian screen (for example, a new realization of plane, as the total phase error picked up on either path is 01 + 02, irrespective of the absolute magnitude of the perturbations. These two paths give rise to a steady component that
gives the well-known Michelson fringes with a reduced visibility. We note that, when ro -> , C(2to) -1 and Eq. (9) shows that the ratio becomes 1 to 2, corresponding to fringes of unit visibility.
B. Complex Gaussian, Different Return Passage: Case 2
We follow the same procedure as in case 1, noting that, for two statistically independent processes a(R)(t) and a
(t), we may write (a(R)(Q)a(Q)) = (a(R)(Q))(a(Q))
. We obtain
In this case, when 2to >> r and C(2to) -0, we predict the ratio of the sidelobes (i.e., frequencies 2to and -2to) to the peak (zeroth frequency) to be 0 to 4. This ratio, of course, corresponds to the well-known washing out of the fringes for averaging over many realizations. We see from Eq. (13) 
We substitute Eq. (14) directly into Eqs. (10) and (9) and perform the time averaging. To evaluate the fourth-order moments, we use the definition of the characteristic function
MAp(u) of a random variable AO. For a Gaussian distributed AO of zero mean, it can be shown that
We therefore have the following relationships:
The time-averaged Fourier spectrum is thus given by
For 2to >> ro, we predict from Eq. (18) that the ratio of the sidelobes to the peak is 1 to 4. As rothe ratio again reduces to 1 to 2.
D. Summary
The analysis of double-passage imaging through a Michelson aperture has thus predicted that time-averaged images will contain diffraction-limited information. In this particularly simple case, this takes the form of a nonzero transmission of the single spatial frequency that is defined by the Michelson aperture. In the absence of any random screen the transmission is 1/2 relative to the zeroth frequency. For a complex Gaussian random screen, this value becomes 1/6, whereas, for a pure phase screen, the transmission is 1/4. The expressions for the time-averaged spectrum given in Eqs. (9), (13) , and (18) are purely real and therefore suggest that the phase information is lost. This solution is physically reasonable on the basis of the phase-cancellation effect described in Fig. 2 .
We now develop this approach to the more practical cases of imaging through nonredundant and full apertures.
NONREDUNDANT AND FULL APERTURES A. Nonredundant-Aperture Imaging
We represent a nonredundant aperture as an aperture containing N pinholes. By definition, their positions are such that the vector separation between any two of them is unique. We represent the transmission of the nonredundant aperture by
j=l (19) We substitute Eq. (19) into Eq. (1) If we assume complex Gaussian statistics and use the complex Gaussian moment theorem to evaluate the fourthorder moments, the time averaging gives
We thus have an expression for the time-averaged doublepassage image spectrum of a deterministic object for a nonredundant aperture. It is straightforward to show that, when o(x) = Ox), N = 2, -6
=-4
= to, Eq. (21) reduces to Eq.
(9) as expected.
We now consider the nonredundant aperture to comprise N pinholes whose vector separations all exceed Fried's parameter, ro. Such an aperture will have the property that no significant correlation of the field exists between any two pinholes. In this case we can legitimately replace the coherence function C by the corresponding delta function, since, by virtue of Eq. (12), C(Q 1 -tj) is significantly different from zero only when t, = Ij. In other words we purposely devise the aperture to exclude low frequencies (i.e., those less than ro/XR). This is quite distinct from the unrealistic assumption of a delta correlated random screen. Making the delta function substitution in Eq. (21), we find two contributions: one in the zeroth frequency and one in the nonzero frequencies. The zeroth-frequency term is obtained by settingj =I and k = m in the first term of Eq. 
1=1 m=l',mpl
If we examine Eq. (23), we see that, for a nonredundant aperture, only one of the N 2 -N possible combinations of (l and (m can reproduce the frequency q. We can therefore omit the summation to get the simple result that a nonzero frequency in the image q defined by the pupil pinhole vec- The exact values of {l and (m are, of course, known from the design of the nonredundant aperture, and we see that frequencies in the time-averaged imaged can be directly mapped to obtain frequencies in the square modulus of the object spectrum. The use of such a nonredundant aperture, which is trivial to design, thus permits the recovery of the Fourier modulus of the greater part of the object spectrum. Inspection of Eq. (21) shows that, when the aperture does not permit the replacement of the coherence function by a delta function (i.e., the aperture reproduces frequencies less than r/XR), each image frequency becomes a complex superposition of the object modulus terms, the coherence functions effectively serving as weighting factors. In this instance, recovery of the object terms is a more complex inverse problem. It should be noted that the smaller the value of r, the smaller may be the minimum spatial frequency defined by the nonredundant aperture. Also of interest in Eq. (24) is the usual correspondence whereby large object frequencies are related to small image frequencies and vice versa.
B. Transfer Function of Nonredundant Aperture
It is well known that, in the absence of a random screen, the normalized transfer function of a nonredundant aperture comprising N pinholes is simply
where t is a discrete spatial frequency defined by the vector separation of two pinholes in the aperture. If we consider a point object 6(x) in the far field of the pupil, then I( )12 = 1 for all . For a nonredundant aperture that permits the replacement of the coherence function by a delta function, it is easily shown from Eq. (21) that the normalized transfer function for double-passage imaging and complex Gaussian statistics is given by
We note that, for a Michelson pupil where N = 2, we obtain a normalized transfer function of 1/6, which is consistent with the analysis in Section 2. For a more general object, the transfer of spatial frequencies varies in a predictable, yet complex, way depending on the number and separation of pinholes.
C. Full-Aperture Imaging
Analysis of double-passage imaging through a full aperture has been presented in an earlier paper. 13 The procedure for the calculation of the time-averaged spectrum is identical to that followed in our analyses for a Michelson and a nonredundant aperture, except that no explicit form is given to the amplitude transmission function h 0 (t). The essential principle, namely, that diffraction-limited information can be obtained, holds for a full aperture as well as for a nonredundant aperture. However, the transfer characteristics for double-passage imaging through a full aperture are more difficult to quantify. It is also a more difficult problem to recover the diffraction-limited information. It is possible in principle to extract the object modulus frequencies from the image spectrum by a recursive process, but in the presence of noise the algorithm is likely to be unstable.
D. Summary
Double-passage imaging through a nonredundant aperture permits the direct and simple recovery of the larger part of the Fourier spectrum of the object modulus. It is only necessary to employ the trivial mapping described by Eq. (24) to do so. The transfer characteristics for a point object have been obtained. For a more complex object, they are correspondingly more complex but analytically predictable. The recovery procedure is considerably simpler than for the full-aperture case.
COMPUTER SIMULATIONS
In an attempt to verify the theoretical predictions of Sections 2 and 3, we performed a series of Monte Carlo computer simulations. The behavior of a time-evolving random screen was modeled as an ensemble of statistically independent screens obeying the required statistical laws. The generation of a random screen obeying given statistics relies essentially on the convolution of an array of zero-mean, Gaussian random variables with a suitable correlation function. Details are available in the literature.' 8 The pure phase screen was generated such that the power spectrum of phase fluctuations obeys the Kolmogorov relationship [Eq. (11)]. A Gaussian approximation to these statistics' 9 was also tested. The following test was applied for the Michelson-, nonredundant-, and full-aperture cases in turn:
(1) Two time-averaged images were acquired over 2000 independent realizations of a random screen. In the first image the forward and reverse passages of the light were taken through the same random screen: We therefore expect to observe the double-passage effect. In the second image the reverse passage was taken through a different, statistically independent realization of the random process:
We refer to this as the control image. In this case we did not expect any significant high-frequency information in the images.
(2) The same procedure was repeated for three types of random screen: E-uru-r~u~urn"~"Yufl B. The Nonredundant Aperture The two-dimensional nonredundant aperture used in the simulation comprised 11 pinholes, thus reproducing N(N -1)/2 = 55 independent nonzero spatial frequencies. Figure  6 compares the double-passage and control images of a point object for complex Gaussian statistics. For display purposes, the zeroth frequency has been suppressed, but the images are directly comparable. We note the effect of finite averaging in the amount of statistical variation in the re- sponse. However, the average value for the transfer function of the 55 independent, nonzero frequencies is close to the theoretical prediction (for this aperture of 11 pinholes, this value is 1/132).
C. The Full Aperture Figure 7 compares the double-passage and control image spectra of a point object viewed and illuminated through a full circular aperture for complex Gaussian statistics. The 
D. Recovery of the Object Fourier Modulus
An attempt to recover object modulus frequencies from a time-averaged image and thus to verify the predictions of Eq. (24) was made. A simple two-point object was imaged through the 11-pinhole nonredundant aperture over 5000 realizations of a complex Gaussian random screen. In Fig. 8 we show the square of the object modulus (the expected cos 2 fringes) and the time-averaged image spectrum. After the simple mapping of the image spectrum described by Eq. (24), the 55 reconstructed object modulus terms are com-.O4
9.6 12.8 Fig. 9 . Comparison between the true object frequencies (solid curve) and 55 reconstructed object frequencies (circles).
pared with the true values in Fig. 9 . The agreement is close, and we conclude'that Eq. (24) is indeed valid.
DISCUSSION
Double-passage imaging of a deterministic object that is located in the far field has been shown to yield diffractionlimited information on the object Fourier modulus irrespective of the severity of the amplitude and phase fluctuations induced by the screen. The recovery of this information has been easily accomplished when imaging takes place through a nonredundant aperture that excludes spatial frequencies less than ro/XR, where r is the correlation length of the screen. For a nonredundant aperture that reproduces all spatial frequencies, recovery of the object frequencies is a more complex inverse problem. It has been shown in a previous paper 13 that it is theoretically possible to recover the object frequencies when imaging through a full aperture, although in practice the recursive nature of the procedure is likely to be unstable.
In our analyses we have made some simplifying assumptions. We have approximated the atmospheric statistics by the complex Gaussian model and considered the object to be located in the far field of the pupil. Complex Gaussian statistics have been used simply to facilitate theoretical analysis and, based on the simply physical interpretation of the double-passage effect, are not crucial to the principle of the method. When the object is located in the near field of the pupil, analysis for a general aperture is complicated. However, it is possible to show that the result obtained for the nonredundant aperture [Eq. (24)] holds in the near field with the sole modification that the recovered object term has a known phase curvature term folded in. This result is achieved by writing Eqs. (2) and (3) as Fresnel transforms and repeating the same analysis.
In this paper we have considered the special case in which a random screen is located in the pupil plane. An arbitrary location of the random screen between object and pupil planes gives an expression for the average image that is hard to interpret physically. From a physical viewpoint, we can expect two processes to influence the double-passage effect for arbitrary object location. These are strong amplitude fluctuations induced by the screen and the reduction in size of the isoplanatic region as the screen-to-object distance becomes of the order of the screen-to-pupil distance. The second of these effects is purely geometrical, and, in the limit that the screen lies in the object plane, the isoplanatic region becomes infinitesimal and the double-passage effect ceases to occur. 
